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Tunable principal component analysis under directional prior information

Motivation

Gaussian planted submatrix problem
Randomly sample indices S C [n| = {1,2,...,n} with |S| = 8y/n, where 8 > 0 is a
signal-to-noise parameter. Observe symmetric matrix Y = Y (») € R2X™ with

sym
Y = (iid. N(0,1)noise) + 1g1¢
(. -~ - N— e’

=W rank-one signal

Consider two tasks:
e Detection: Decide if Y is uniformly random (8 = 0) or contains a signal (8 > 0).
e Recovery: When 3 > 0, estimate the hidden subset S.

More generally, we consider Y = W + By/nxx ', where the signal vector x € S*~!
is sampled with directional prior information: (x,1) > 0.

Naive spectral algorithm: directly perform PCA

Algorithm: Decide § > 0 if the top eigenvalue A{(Y") is unusually large, and esti-
mate x by the associated eigenvector v1(Y). ltis imple and effective, yet agnostic
to any prior information about the signal .

Question: Can we "boost” PCA by using the top eigenpair of a deformed matrix
M(H(Y)), v1(H(Y))? How to design the deformation H to tailor to prior
information about the signal?

Background: Naive Spectral Algorithm
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e If 3 <A, =1, thenalmostsurely, X\ (Y™) =2 [{(v1(Y™), z)| — 0.

o [ 5> 3, =1,then almost surely,

MY 5 B84+1/8>2, [ (Y),x))2 > 1-1/5%>0.
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B = 0: eigenvalues of Y = W
follow Wigner’s semicircle law.
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0 < B < 1: the signal is too weak
to create an outlier eigenvalue
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B > 1: the signal creates an
outlier outside the bulk.

Nontrivial detection and recovery < > . =1

Nonlinear Laplacians:

Yuxin Ma, Dmitriy Kunisky

Nonlinear Laplacians Spectral Algorithm

o-Laplacian matrix: L = L, (Y) := Y + diag(c(Y 1)) where the non-decreasing, bounded,
Lipschitz function 0 : R — R applies entrywise to the vector Y1 € R".

Algorithm: Decide § > 0 if the top eigenvalue A\ (L) is unusually large, and estimate x by the
associated eigenvector vy (L).

Why does it work?

L=W +fBzz' +diag(o(W1+ f(z,1)x)),

TV
new signal

noise

e Under prior information (z,1) > 0, we know that Y1 = 8(z, 1)z + W1 is somewhat correlated with .

e With non-decreasing o, the diagonal matrix becomes larger entrywise as 3 increases, effectively
boosting the original signal Bzx . A A )
* Notice: bounded o is necessary, because ||[Y || = O(1) while ||diag(Y1)|| = ||[Y 1||cc = ©(1/logn).

Theoretical Results

Rigorous characterization of . as a function of ¢

A small variant L™ of the o-Laplacian has a BBP transition around a different 8, = 8.(o). Define

Giz)=8 E (2—0(B+g) , H()=z+ E

g~N(0,1)

Let = 0(0) solves G(6) = 1 if such § > edge™ (o) exists, and 6 = edge™ (o) otherwise. Then, let
B« = B+« (o) solves H'(0,(5+)) = 0.

e If 3 < B, thenalmostsurely, M\ (L™)— edge of bulk, [(vi(L™), )| — 0.

o |f 3> [, then almost surely,
M(E™) > H(6,(8)) > edge of bulk,  [(wi(E™), @)|2 = — 587G (6,(8)) " H'(6,(8)) > 0.

Proof idea: L is a full-rank perturbation of the Gaussian random matrix W. This resembles the spiked
matrix model studied in [CDMFF11] using the free probability theory.

Picking the nonlinearity o that optimizes f.

With a nonlinearity o obtained by numerically optimizing 8. (o), the variant L of the o-Laplacian
has a BBP transition around (. (0) ~ 0.76 < 1 = (3,(0).

Nontrivial detection and recovery < f > f.(6) ~ 0.76
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Numerical Results

BBP transition of o-Laplacian v.s. naive spectral algorithm

Nonlinearity o Eigenvalues: f =0 Eigenvalues: f = 0.9 Eigenvalues: f = 1.2
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Effective choices of nonlinearity

"Z-shaped”: . = 0.765  "“S-shaped”: . = 0.755  Step function: . = 0.755 MLP: p. = 0.759
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Conclusion and Future Work

Lessons learned

Spectral algorithms are a simple design pattern for tractable algorithms in high
dimension. They can be boosted by:

e Combining with weak information.

e Optimizing over a simple restricted class of spectral algorithms.

Future directions

* Generalized directional priors: How to handle more general directional prior
information, such as signals constrained to non-convex cones?

* More flexible spectral algorithms: Is it possible to optimize over a more flexible
class of deformations H : R\ — R to achieve even better performance?
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